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Compressible flow in front of an axisymmetric blunt object
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Compressible flows around blunt objects have diverse applications, but present analytic treat-
ments are inaccurate and limited to narrow parameter regimes. We show that the flow in front of an
axisymmetric body is accurately derived analytically using a low order expansion of the perpendic-
ular gradients in terms of the parallel velocity. This reproduces both subsonic and supersonic flows
measured and simulated for a sphere, including the transonic regime and the bow shock properties.
PACS numbers: 47.40.-x 52.35.Tc 47.15.K-, 47.10.ad
Compressible flows around blunt objects play an im-
portant role in diverse fields, ranging from fluid mechan-
ics [e.g., 1–6], space physics [7–13], and astrophysics [14–
19], to computational physics and applied mathematics
[20–23], aeronautical and civil engineering [24–26], and
aerodynamics [27–30]. Yet, even for the simple case of
an inviscid flow around a sphere, the problem has re-
sisted a general or accurate analytic treatment, due to
its nonlinear nature.
For example, in space physics and astrophysics, the
interaction of an ambient medium with much denser, ap-
proximately solid, bodies such as comets [e.g., 8], planets
[7, 10, 11], binary companions [16], galaxies [15, 19], or
large scale clumps and bubbles [14, 17, 18], is important
for modeling these systems and understanding their ob-
servational signature. This is particularly true for the
shocks formed in supersonic flows, due to their rich non-
thermal effects [e.g., 9, 12, 13, 17].
Such research typically involves an idealized, inviscid
flow around a simple blunt object, often approximated as
axisymmetric or even spherical. The flow is sometimes
computed numerically, but some approximate analytic
description is usually employed in order to gain a deeper,
more general understanding of the system. Consequently,
this fundamental problem of fluid mechanics has received
substantial attention. The small Mach numberM regime
was studied as an asymptotic series about M = 0 [31–
35], and solved in the incompressible potential flow limit.
Some hodograph plane results and series approximations
were found in the transonic and supersonic cases [36–38].
In particular, approximations for the standoff distance
of the bow shock [39–44] partly agree with experiments
[9, 45–47] and numerical computations [48, 49].
However, these analytic results are typically based
on ad-hoc, unjustified assumptions, such as negligible
compressible effects, a predetermined shock geometry
[39, 42], or an incompressible [43] or irrotational [50] flow
downstream of the shock. Other approaches use slowly
converging, or impractically complicated, expansion se-
ries [31, 37, 51, 52]. In all cases, the results are inaccurate
or limited to a narrow parameter regime. A generic yet
accurate analytic approach is needed.
∗ ukeshet@bgu.ac.il
We adopt the conventional assumptions of (i) an ideal,
polytropic gas with an adiabatic index γ; (ii) negligible
viscosity and heat conduction (ideal fluid); (iii) a steady,
laminar, non-relativistic flow; and (iv) negligible electro-
magnetic fields. Typically, these assumptions hold in
front of the object, but break down behind it and in
its close vicinity. We thus analyze the flow ahead of the
object. While spatial series expansions and hodograph
plane analyses, when employed separately, are of limited
use [for reviews, see 51, 52], we find their combination to
give good results over the full parameter range. In par-
ticular, we expand the axial flow in terms of the parallel
velocity, rather than of distance. For simplicity, we begin
with a sphere, and later and generalize for other objects.
Flow equations.— The flow is governed by the station-
ary continuity, Euler, and energy equations,
∇·(ρv) = 0 ; (v ·∇)v = −
∇P
ρ
; v ·∇
(
P
ργ
)
= 0 , (1)
where v, P and ρ are the velocity, pressure and density.
At a shock, downstream (subscript d) and upstream (u)
quantities are related by the shock adiabat,
ρd
ρu
=
vu
vd
=
(γ + 1)M2u
(γ − 1)M2u + 2
;
Pd
Pu
=
2γM2u + 1− γ
γ + 1
, (2)
with M ≡ v/c, and c = (γP/ρ)1/2 the sound speed [1].
Along streamlines, Bernoulli’s equation implies that
w + v2/2 = w = const. , (3)
where w = γP/[(γ − 1)ρ] is the enthalpy, and a bar de-
notes (henceforth) a putative stagnation (v = 0) point.
The far incident flow is assumed uniform and unidirec-
tional, so w is the same constant for all streamlines.
Equation (3) remains valid across shocks, as w + v2/2
is the ratio between the normal fluxes of energy and of
mass, each conserved across a shock.
Bernoulli’s Eq. (3) relates the local Mach number,
M =
(
M−20 − S
−2
)− 1
2 = (Π−
γ−1
γ − 1)
1
2S , (4)
to the Mach number with respect to stagnation sound,
M0 ≡ v/c¯, and to the normalized pressure, Π ≡ P/P . We
define S2 ≡ 2/(γ − 1) and W 2 ≡ 2/(γ + 1) as the strong
2and weak shock limits ofM20 , so the subsonic (supersonic)
regime becomes 0 < M0 < W (W < M0 < S). Figure 1
illustrates these definitions, and shows the shock adiabat
(as horizontal r(M0) jumps; see Eq. 2) for γ = 7/5.
Consider the flow ahead of a sphere along the symme-
try axis, θ = 0 in spherical coordinates {r, θ, φ}. Here,
the flow monotonically slows with decreasing r, down to
v = 0 at stagnation which we normalize as r = {1, 0, 0}.
Symmetry implies that along the axis v = −u(r)rˆ, where
u > 0. Here, Eqs. (1) become
∂ ln(ρu)
∂ ln r2
=
q − u
u
; ∂rP = −ρu∂ru ; ∂θP = 0 , (5)
along with Bernoulli’s Eq. (3), where we defined q ≡ ∂θvθ
as a measure of the perpendicular velocity. Hence,
∂ru =
2
r
(q − u)
1−M20 /S
2
1−M20/W
2
. (6)
Our analysis relies on u(r) being a monotonic function.
This allows us to write q = q(u) as a function of u and
not of r. Integrating Eq. (6) thus yields
2 ln r =
∫ u(r)
0
1−M0(u
′)2/W 2
1−M0(u′)2/S2
du′
q(u′)− u′
, (7)
so given q(u), the near-axis flow is directly determined.
Unlike u(r), or other expansion parameters used previ-
ously, the q(u) profile for typical bodies varies little, and
nowhere vanishes. It is well approximated by a few terms
in a power expansion of the form
q(u) = q0 + q1(u − U) + q2(u − U)
2 + . . . , (8)
where U is a reference velocity, so the integral in Eq. (7)
can be analytically carried out to any order. Moreover,
we next show that the boundary conditions tightly fix
q(u), giving a good approximation for the near axial flow.
First expand q ≃ q near stagnation, with U = u = 0.
An initially homogeneous subsonic or mildly supersonic
[1] flow remains irrotational, ∇ × v = 0, in which case
the lowest-order constraint is
q1 = −1/2 , (9)
whereas for a supersonic, rotational flow, it becomes
3c¯2q3 + 7c¯q2 = 2q1 + 6
q0
c¯
+ q1
(
q0
c¯
)2
+
(
q0
c¯
)3
, (10)
as seen by expanding Eqs. (1) to order θ2(r − 1)3. The
generalization for non-spherical objects is discussed be-
low. Next, we estimate q far from the body.
Subsonic flow.— To derive the axial flow out to r →∞,
we use the incident flow (labeled by a tilde, henceforth)
boundary condition v˜ = u˜{− cos θ, sin θ, 0} to expand q˜
with U = u˜, such that
q˜0 = (∂θ v˜θ)θ=0 = u˜ . (11)
Additional terms can be derived using M˜ ≪ 1 or r ≫ 1
expansions appropriate for the relevant object. Here, it
will suffice to consider the leading, (u−u˜) ∝ r−α behavior
at large radii, such that Eq. (6) yields
q˜1 = 1−
α
2
1− M˜20/W
2
1− M˜20/S
2
, (12)
In the incompressible limit, α = 3 [e.g., 1], also valid
for general forward-backward symmetric objects in any
potential flow. To see the latter, expand the potential Φ,
defined by v = u˜∇Φ, as a power series in r. The r →∞
boundary conditions and regularity across θ = 0 yield
Φ = −r cos θ +
ϕ1
rΘ
+
ϕ2 cos θ
r2Θ3
+ . . . , (13)
where Θ ≡ [1 −M2(S−2 + sin2 θ)]1/2. The constants ϕk
are determined by the boundary conditions on the spe-
cific body. Symmetry under forward-backward inversion,
Φ → −Φ if θ → π − θ, requires that ϕ1 = 0. In general
ϕ2 6= 0, implying that indeed α = 3. Such behavior is
demonstrated for an arbitrary compressible flow around
a sphere by the Janzen-Rayleigh series [32, 33].
Finally, the q˜ expansion at r → ∞ is matched to the
q expansion at stagnation for a potential flow. In the
limit of an incompressible flow around a sphere, q(u) =
u˜ − (u − u˜)/2 + 0(u − u˜)2 = 3u˜/2 − u/2, obtained from
Eqs. (9), (11) and (12), is indeed the exact solution.
This procedure reasonably approximates arbitrary
compressible, subsonic flows. Better results are obtained
by noting that the constraint (9) holds beyond stagna-
tion, as long as ∂θθvr is negligible, requiring that q2 ≃ 0.
Combining this with constraints (9), (11) and (12) yields
an accurate, third order approximation, shown in Fig. 1.
Supersonic flow.— Here, a detached bow shock forms
in front of the object, at the so-called standoff distance
∆ from its nose. The transition between subsonic and
supersonic regimes is continuous, so ∆ → ∞ as M˜ → 1,
or equivalently as M˜0 →W . The unperturbed upstream
flow and the shock are shown on the right side of Fig. 1.
Consider the axial flow between the shock and stag-
nation. The q(u) profile is strongly constrained if the
normalized shock curvature ξ−1 ≡ (R/rs)θ=0 is known.
Here, rs is the shock radius, such that rs(θ = 0) = 1+∆,
and R = −r2s/r
′′
s (θ) is its local radius of curvature.
Expanding the flow Eqs. (1) using Eqs. (2) as boundary
conditions, yields the q(d) expansion coefficients around
U = ud, just downstream of the shock,
q
(d)
0 = g
−1u˜ (1 + gξ − ξ) ; (14)
q
(d)
1 =
3 + (g − 3)ξ
2
−
1 + (3g − 1)ξ
1 + g + (g − 1)γ
; (15)
and
q
(d)
2 =
gξW 2
8u˜ (g +W 2 − 1)
2
[g2 − 4g + 3
ξW 2
−
2(3g + 1)
ξ
(16)
+ 2
(
g2 + 4g + 1
)
−
(g − 1)2(g + 3)
W 2
+
8g2W 2
g − 1
]
,
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FIG. 1. Normalized radial profiles of velocity M0 and pressure Π (abscissa) in front of a unit (r = 1) sphere, for γ = 7/5,
according to numerical simulations (symbols) and our approximation (curves), in both subsonic (bluish circles and dot-dashed
curves) and supersonic (reddish squares and dashed curves) regimes. Numerical data shown (alternating shading to guide the
eye) for M˜ = 0.6, 0.7, 0.8, 0.95 [Ref. 53], 1.1, 1.3, 1.62 [54, 55], 3 [56], and 5 [54, 57]. The shock standoff distance (solid green)
with its M˜ → ∞ limit (triangle) are also shown. The right side of the figure extends it (on a different scale, to show the full
M range) to the supersonic, M > 1 part of the flow, upstream of shocks; horizontal jumps represent the shock adiabat Eq. (2).
Inset : standoff distance measured experimentally (symbols) and using the approximation (curves), for γ = 7/5 (solid curve
and triangle; Refs. [54, 55, 57, 58]; β = 0.48) and γ = 5/3 (dashed curve and diamonds; Ref. [45]; β = 0.52).
where g ≡ (M˜0/W )
2 ≥ 1 is the axial compression ratio.
These coefficients depend on the shock profile only
through ξ; higher order terms are sensitive to its devi-
ation from a sphere of radius R. In the weak shock limit
g → 1, so ξ must vanish for q
(d)
2 to remain finite. Here,
R diverges faster than ∆, and q
(d)
1 → 1− 2ξ asymptotes
to unity, consistent with a smooth transition to the sub-
sonic regime. Moreover, if we require that q
(d)
2 → q˜2 in
the M˜0 → W limit, then ξ → (4 + γ)(−1 + M˜0/W ), so
R/rs diverges as (M˜0 −W )
−1, consistent with [37, 43].
Equations (14)–(16) yield a good, second order approx-
imation to the flow, as shown in Fig. 1, once ξ or any of
the q(d) coefficients are determined. This can be done us-
ing the stagnation boundary conditions, such as Eq. (10),
but is laborious and body-specific due to the high order
involved. A simpler approach is to estimate ξ(M), which
is well approximated by a single-parameter fit over the
entire M range.
In the strong shock, M˜0 → S limit, the curvature of
the shock approaches that of the object [39]; ξ → 1 in
the case of the sphere. This, and direct measurements of
ξ [55], motivate a power-law approximation of the form
ξ ≃
[
(M˜0 −W )/(S −W )
]β
, (17)
where a small, β < 1 power-law index is needed to re-
produce the steep behavior at M˜0 →W . Figure 1 shows
that Eqs. (14)–(17) nicely fit the measured flow through-
out the supersonic regime, with β ≃ 1/2.
The figure inset shows that a single β ≃ 1/2 power-law
reproduces the measured standoff distance throughout
the entire Mach range, for two equations of state. Here,
∆ is sensitive to the precise value of β only in the M ≃ 1
limit; best results are obtained with β = 0.48 (β = 0.52)
for γ = 7/5 (γ = 5/3).
Discussion.— The compressible, inviscid flow in front
of a blunt object is approximated analytically, using a
hodograph-like, v ≃ (−u, q(u)θ, 0) transformation. The
velocity (Eq. 7) and pressure (Eq. 4) profiles are derived
by expanding q as a (rapidly converging) power series
4in u (Eq. 8), using the constraints imposed by the ob-
ject (Eqs. 9 or 10 for a sphere) and by the far upstream
subsonic (Eqs. 11–12) or supersonic (Eqs. 14–16) flow.
Figure 1 shows that a low order q(u) expansion suffices
to recover the measured flow in front of a sphere. The
supersonic results also reproduce the measured standoff
distance (solid curve and figure inset) of the shock, and
constrain its curvature (Eq. 17). Higher-order constraints
can be used to improve the approximation further; here
we used only the lowest-order constraint at stagnation,
and only in the subsonic case.
The axial approximation directly constrains the flow
beyond the axis and along the body, as it determines the
perpendicular derivatives. For example, one can use it to
estimate ∂θθP = −ρ0[q
2 − u∂r(rq)](1 −M
2
0/S
2)1/(Γ−1),
found by expanding Eqs. (1) to θ2 order. Extrapolation
beyond the axis is simpler in the potential flow regime,
where, in particular, ∂θθvr = ∂r(rq).
The axial analysis is generalized for any blunt, axisym-
metric object, by modifying the q boundary conditions.
For a body with radius of curvature Rb > 0 at a stagna-
tion radius rb, take {z ≡ r cos θ = Rb−rb, ̺ ≡ r sin θ = 0}
as the origin, and rescale lengths by Rb. This maps
the stagnation region of the body onto that of the unit
sphere, so Eqs. (3–9, 11–16) remain valid. The subsonic
analysis is unchanged; for an asymmetric body, α may
need to be altered, e.g., using the Janzen-Rayleigh series.
The supersonic high order Eq. (10) should be adapted
for the specific body, or replaced by the fit Eq. (17). For
highly aspherical bodies, the latter may require a mod-
ification, fine-tuning β to give good results in the weak
shock limit, and examining the ξ → 1 strong shock limit.
It may be possible to generalize our hodograph-like
analysis even for a non-axisymmetric object, using the
stagnant streamline instead of the symmetry axis, as long
as the corresponding u profile remains monotonic.
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